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Recently, many researchers are attracted by a new type of systems where the conduction
band and the valence band stick together at a certain point in the Brillouin zone. Such kinds
of 3D gapless systems are called Dirac semimetals or Weyl semimetals. Weyl semimetal
has more than two band-touching points (Weyl points), the electronic structure around the
band-touching points is described by 2 × 2 Weyl Hamiltonian. In the Dirac semimetal, on
the other hand, a pair of the Weyl-point happen to merge at a single momentum, around
which the electronic states are described by 4 × 4 Dirac Hamiltonian. It is known that
Dirac semimetal emerges when a system has both the spacial-inversion (I) symmetry and
the time-reversal (T) symmetry, and the Weyl semimetals is obtained by breaking either
of I and T symmetry. Emergence of the Weyl semimetal phase by breaking I symmetry
was discussed in the research on phase transition of topological insulator, and the weyl
semimetal by breaking T symmetry was also discussed in iridium oxide materials. The
Weyl semimetal phase by breaking T symmetry was also discussed in a relatively simple
model which is composed of a superlattice structure of topological insulator and normal
insulator. Motivated by these theoretical proposals, the enormous experimental effort has
been put in searching for candidate materials. The Dirac semimetal phase was recently
found in Cd3As2 and NaBi3 and Weyl semimetal was in TaAs, NbP and TaP.
One of important features of Weyl semimetal is existence of topological surface states.
The Weyl semimetal can be regarded as a collection of topological / trivial 2D systems on
xy-plane parameterized by the momentum pz. In this particular case, the energy gap is
closed at certain momenta pz = ±p0 and the system is the quantum Hall insulator in the
region of −p0 < pz < p0 while normal trivial insulator outside. Since the edge states appear
only in the quantum Hall phase, the left and right edge (surface) state bands emerge in
−p0 < pz < p0 so as to connect a pair of bulk linear bands around the point nodes.
Consequently, the equi-energy line of the surface band does not close in itself but bridges
the two bulk bands. This is called Fermi arc. The Fermi arc was directly observed by the
angle resolved photo emission spectroscopy in various materials.
Quantum transport in single-node Weyl electron
We studied the electronic transport in single-node disordered Weyl electron systems. At
the Weyl point, the Fermi surface becomes a point, so that the semiclassical Boltzmann
transport theory fails and we have to incorporate the level broadening effect appropriately.
We use a self-consistent Born approximation which is one of the theoretical methods to























Figure 1: (a) Schematic energy band structure of the Weyl semimetal. There is a pair of
band touching points (Weyl points) at pz = ±p0. Fermi arc connect the Weyl points. (b)
Schematic energy spectrum in the presence of the magnetic field.
potential crucially affect the behavior of the conductivity, so that we considered two types
of the long-range potentials, the Gaussian and Coulomb potential. In the Gaussian case, we
found that there is a critical disorder strength, and the behavior is significantly different
between the weak disorder regime and the strong disorder regime. At the Weyl point,
the conductivity vanishes in the weak disorder, but the conductivity has a finite value
and increases with the increase of disorder strength in the strong disorder. In a finite
Fermi energy, the conductivity is well approximated by the Boltzmann conductivity and
exhibits usual metallic behavior, but once the level broadening exceeds the Fermi energy the
conductivity exhibits unusual metallic behavior and increases with the increase of disorder
strength. In the Coulomb case, on the other hand, there is no critical behavior, and the
minimum conductivity is almost independent of the effective fine structure constant which
characterize the disorder strength. We discussed a condition for the existence of the critical
behavior, and found that the certain criteria for the existence of the critical behavior for a
general screened impurity potential.
Magnetotransport in the Weyl semimetal
We studied the magneto-transport in a Weyl semimetal. In the presence of the magnetic
field, the linear energy band is quantized into the Landau levels dispersing to the direction
parallel to the magnetic field. One of the characteristic feature of the Weyl semimetal
is the existence of the chiral 0th Landau level. Applying the electric field parallel to
the magnetic field, we observe negative magneto-resistance which is related to the chiral
anomaly. This is because each 0th mode is relaxed only by the inter-valley scattering which
is suppressed for a smooth potential. Here, we calculated the magneto conductivity of the
Weyl semimetal with and without surface-boundary. The conductivity without surface
is independent of the magnetic field. The conductivity increases exponentially with the
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increase of potential range. This is because the inter-valley scattering rate is exponentially
small. The conductivity with surface, on the other hand, is proportional to the magnetic
field in a super-linear manner and increases in a power function of the potential range. This
difference comes from the contribution of the surface states. In condition that the potential-
range is sufficiently large to prohibit the inter-valley scattering, there is a scattering process
through the surface states. As a result, the conductivity increases rather like a exponential




In this chapter, we explain the electronic structure of Dirac semimetals and Weyl semimet-
als. They are three-dimensional (3D) gapless systems and exhibit various unusual physical
properties not observed in conventional systems. In this thesis, we study the electronic
transport properties in these 3D gapless systems.
1.1 3D gapless systems – Dirac semimetals and Weyl
semimetals
In recent condensed-matter physics, many researchers are attracted by a new type of sys-
tems where the conduction band and the valence band stick together at a certain point
in the Brillouin zone. One of the famous examples is graphene which has the 2D gapless
electronic structure and exhibits many characteristic physical properties. In addition to the
2D gapless systems, the electronic properties of the 3D gapless systems is also one of great
interests. Such kinds of 3D gapless systems are called Dirac semimetals or Weyl semimet-
als. [1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13] Weyl semimetal has more than two band-touching
points (Weyl points), and the electronic structure around the band-touching points is de-
scribed by 2 × 2 Weyl Hamiltonian. In the Dirac semimetal, on the other hand, a pair of
the Weyl-point happen to merge at a single momentum, around which the electronic states
are described by 4 × 4 Dirac Hamiltonian. Fig. 1.1 shows the schematic energy dispersion
of the Weyl semimetal, where the conduction and valence bands are touching at pz = ±p0.
It is known that Dirac semimetal emerges when a system has both the spacial-inversion
(I) symmetry and the time-reversal (T) symmetry, and the Weyl semimetal is obtained by
breaking either of I and T symmetry. Emergence of the Weyl semimetal phase by breaking
I symmetry was discussed in the research on phase transition of topological insulator, [14]
and the Weyl semimetal by breaking T symmetry was discussed in iridium oxide materials.
[3] The Weyl semimetal phase by breaking T symmetry was also discussed in a relatively
simple model which is composed of a superlattice structure of topological insulator and
normal insulator. [1] Motivated by these theoretical proposals, the enormous experimental
effort has been put in searching for candidate materials. The Dirac semimetal phase was
recently found in Cd3As2 and NaBi3 [15, 16, 17] and Weyl semimetal was in TaAs, NbP
and TaP. [18, 19, 20, 21] The lattice structure of Cd3As2 and TaAs are depicted in Fig. 1.2
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Figure 1.1: Schematic energy band structure of the Weyl semimetal. There is a pair of
band touching points (Weyl points) at pz = ±p0.
and 1.3. The bulk linear band structure is observed by the angle resolved photoemission
spectroscopy (ARPES), and the ARPES data is shown in Fig. 1.2 and 1.3.
One of important features of Weyl semimetals is existence of topological surface states.
Fig. 1.4 shows schematic energy spectrum of surface states. [19] The Weyl semimetal can
be regarded as a collection of topological / trivial 2D systems on xy-plane parameterized
by the momentum pz. In this particular case, the energy gap is closed at the momenta
pz = ±p0 and the system is the quantum Hall insulator in the region of −p0 < pz < p0 while
normal trivial insulator outside. Since the edge states appear in the quantum Hall phase,
the left and right edge (surface) state bands emerge in −p0 < pz < p0 so as to connect a
pair of bulk linear bands around the point nodes as shown in Fig. 1.4. Consequently, the
equi-energy line of the surface band does not close in itself but bridges the two bulk bands.
This is called Fermi arc. The Fermi arc was directly observed by the ARPES in various
materials as shown in Fig. 1.3, and this is a strong evidence for the Weyl semimetal.
1.2 Transport properties in 3D Weyl systems
Motivated by the experimental discovery of the Dirac semimetals and the Weyl semimetals,
many researchers are studying the physical properties of these 3D gapless systems in the
theoretical and experimental points of view. Various unusual properties are reported, but
there are many interesting unresolved problems.
In this thesis, we study the electronic transport properties in the 3D Weyl electron
systems. The theme is categorized into two parts, quantum transport in 3D Weyl electrons
and magnetotransport in the Weyl semimetal. In the following subsections, the background
of the two problems are explained in succession.
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(a) (b)
Figure 1.2: The panels (a) and (b) show the lattice structure of Cd3As2 and the experimen-
tally observed band structure by ARPES, respectively. The black dashed lines represent
the bulk gapless band structure and it is observed. [15]
1.2.1 Quantum transport in Weyl electrons
The transport property of the point-node gapless system is significantly different from the
conventional systems. When the Fermi energy is right at the Weyl point, in particular, it
is highly nontrivial if the system is metallic or insulating because the electronic density of
states is tiny at the point node. The conventional Boltzmann transport theory assumes the
Fermi energy is much greater than the inverse scattering time so that the Fermi surface is
well defined. This assumption does not apply to the point node case, because the Fermi
energy is zero and the Fermi surface becomes a point. To treat this situation, we need some
improved theoretical approach which appropriately incorporates the finite level broadening
effect.
Historically, the electronic transport in a gapless system was examined for 2D Weyl
Hamiltonian in research on graphene using various theoretical methods, [22, 23, 24, 25, 26,
27, 28, 29, 30] for example, a self-consistent Born approximation (SCBA) which properly
treat the finite level broadening effect, and the finite-size Kubo formula method established
for diffusive metallic systems. They are applicable to both zero and finite Fermi energy.
Using these theoretical methods, the characteristic transport properties in 2D Weyl were
clarified. One of the important results is that the transport properties in 2D Weyl strongly
depend on the type of scattering potential. In the conventional metals, the detailed fea-
ture of the scatterer does not matter in the qualitative transport property and therefore
the theoretical calculation typically assumes the simplest scattering potential such as the
short-range or white-noise potential which is represented by a delta function. In 2D Weyl
system, however, the Fermi energy dependence of the conductivity and the numerical fac-
tor in the minimum conductivity (conductivity at the Weyl point) were found to be quite
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(c) (d)
Figure 1.3: (a) The lattice structure of TaAs. (b) The experimentally observed band
structure by ARPES. W2 represents the Weyl points and the white dashed lines represent
the observed gapless linear band structure. (c) The schematic showing the evolution of the
Fermi arcs. The black and white circles represent the Weyl points and the blue and red
curves represent the Fermi arcs. (d) The experimentally observed Fermi arcs. The Fermi
arcs are directly observed by ARPES. [18]








Figure 1.4: Schematic energy spectrum of Fermi arc. There are two linear bands which
bridge the two bulk Weyl cones, and it disperses only in py-direction.
different between various types of scatterers. Therefore, the consideration of the detailed
scattering potential is crucial in arguing about the transport property in the Weyl system.
Fig. 1.5 shows examples of the numerically calculated conductivity. In the energy region
away from the Weyl point, the conductivity is almost independent of the Fermi energy in
the short-range potential case, while the conductivity is proportional to ε2F (εF: the Fermi
energy) in the Coulomb potential case. At the Weyl point, the conductivity was calculated
in the presence of short-range scatterers and it was found that the value of the minimum
conductivity is (e2/h)×(1/π) independently of disorder strength. The minimum conductiv-
ity is given by the product of e2/h and a numerical factor (= 1/π). It was thought that the
minimum conductivity seems to be universal. However, in the Coulomb case it was found
that the numerical factor multiplied by e2/h is few times larger than the short-range case.
Therefore, it was clarified that the minimum conductivity is not universal and depends on
the impurity type. The minimum conductivity order of e2/h was actually observed in the
real transport measurement in graphene, and it was found that the value depends on the
experimental condition. [31, 32, 33]
Then the natural question is: how the electronic transport looks like in 3D Weyl elec-
tron? In the 3D linear band, the density of states (DOS) near the Weyl point is proportional
to ε2F, and it is even more sparse than in εF-linear DOS in the 2D Weyl case. The elec-
tronic transport in 3D Weyl electrons have been examined in several theoretical works.
[1, 2, 22, 34, 35, 36, 37, 38, 39, 40, 41] There are theoretical calculations of the conductivity
and the DOS at the Weyl point with the white-noise short-range scatters. The first work,
Ref. [22], calculated the conductivity assuming the infinite degeneracy (i.e., infinite num-
ber of different Weyl points degenerate at a single energy), and it was found that there is
a metal-insulator transition, where the system switches from insulating to metallic states
when the disorder strength exceeds a certain critical value. The density of states in the
Dirac semimetal was calculated in a recent work, [37] and the existence of the similar criti-
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(a) Short-range potential (b) Coulomb potential
Figure 1.5: (a) The short-range potential case. [24] The panel shows the conductivity as
a function of the Fermi energy. The conductivity is calculated within the SCBA and the
Boltzmann theory for several scattering strength. (b) The Coulomb potential case. [29] The
panel shows the conductivity as a function of the carrier density. The conductivity increases
linearly with the increase of the carrier density. The carrier density is proportional to ε2F,
so that the conductivity is proportional to ε2F. The conductivity is obtained by evaluating
the finite-size Kubo formula.
cal behavior was obtained. Fig. 1.6 (a) and (b) show the conductivity and the DOS at the
Weyl point as a function of the disorder strength and we see the metal-insulator transition.
A related phase diagram was also presented in the context of the three-dimensional Z2
quantum spin Hall system. [34] The electronic transport was also studied in recent works
in terms of the frequency dependence of the dynamical conductivity. [36] The conductivity
in the presence of the Coulomb scatterers was also argued within the Boltzmann transport
theory in the energy region away from the Weyl point. [2, 36]
In the previous works, however, the transport property of the 3D Weyl electrons at the
Weyl point was investigated by only using the short-range impurity potential, though the
study on the transport of 2D Weyl electrons suggest that the transport property strongly
depends on the type of impurity potential. The Coulomb potential case was investigated
within the Boltzmann theory, but the Boltzmann fails at the Weyl point as we mention
it in the previous paragraph. Therefore, it is not well known how the conductivity of 3D
Weyl electrons behaves near the Weyl point in the presence of various kinds of impurity
potentials.
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(a) Conductivity (b) Density of states
Figure 1.6: The conductivity and the DOS at the Weyl point as a function of the disorder
strength. The conductivity in the degenerate point-nodes system at zero and finite temper-
ature is shown in (a) [22], and the DOS in Dirac semimetal is in (b). [37] The conductivity
and DOS vanish in the weak disorder, and once the disorder strength exceeds a certain
critical value, they increase with the disorder strength. Around the critical value, we see
the metal-insulator transition at a certain disorder strength.
1.2.2 Magnetotransport in Weyl semimetals
The transport of the Weyl semimetal in the magnetic field is also quite unusual, and this
is closely related to the chiral anomaly in the quantum field theory. Fig. 1.7 shows the
schematic energy spectrum of the Weyl semimetal under the magnetic field B parallel to
z-axis, which is plotted against the momentum pz. The left and right parts of the spectrum
show the quantized Landau levels in the linear bands at pz = ±p0, respectively. The 0th-
Landau level is monotonically increasing in the left valley while decreasing in the right,
i.e., the velocity in z-direction is positive in the left and negative in the right. The gradient
(positive / negative) is determined by the helicity (right / left handed) of the corresponding
point node, and it is shown that the numbers of left-handed and right-handed point nodes
are always equal. Namely, we always have the same numbers of positive- and negative-
velocity channels in total.
When εF is zero, the 0th Landau level is partially filled while other levels are fully oc-
cupied or empty. When a electric field E is applied to z-direction (parallel to the magnetic
field), all the electrons shifts in pz axis according to the semiclassical equation of motion
ṗz = −eE, so that the Fermi energy goes down in the left valley while goes up in the
right. This immediately leads to an imbalance of the electrons with positive velocity and
with the nagetive velocity, causing the electric current in z-direction. The imbalance can
be relaxed only by the inter-valley scattering. However, if the disorder potential is smooth
enough that the matrix element connecting the two valleys are exponentially small, the
conductivity in z-direction is expected to be exponentially large. This huge increase of
the conductivity under E ∥ B geometry was theoretically predicted by Nielsen and Ni-













Figure 1.7: Schematic energy spectrum of Weyl semimetal in the presence of the magnetic
field. Applying the electric field parallel to the z-axis (E ∥ B), we see the distribution
imbalance between the two valleys, and the imbalance is relaxed by only the inter-valley
scattering.
nomiya, in their early study on the Weyl fermion in crystals. [42, 43, 44] Motivated by
the experimental discovery for Dirac and Weyl semimetals, the magnetotransport in these
systems is investigated by several theoretical works. [45, 46, 47, 48, 49, 50, 51, 52] In
particular, the semiclassical transport analysis for the Weyl semimetal showed the neg-
ative magnetoresistance (positive magnetoconductance) in proportion to B2 in the weak
field regime, i.e. the Landau level spacing is much smaller than the level broadening by
the impurity potential and the temperature. [46, 47, 52] The magnetotransport in the
strong field regime, i.e. only the 0th Landau level is relevant to the transport, is also
investigated in recent works.[45, 48, 51] In the presence of the inter-valley scattering, it
is obtained that the magnetoconductivity is independent of the magnetic field strength.
An experimental signature of the B2 dependence in the weak field was reported by several
experimental groups. [53, 54, 55, 56, 57, 58, 59, 60] Fig. 1.8 shows the experimental data for
the magnetoconductance.[60] We see the B2 dependence of the conductance in B ∼< 3[T]
under E ∥ B geometry.
All the theoretical arguments above, however, assume bulk system and neglect the
surface-boundary. What happens in realistic surface-boundary systems? In the presence of
the surface-boundary, the topological surface states emerge as we mention it in the previous
section. The topological surface states and the Fermi-arc are one of the most important
properties of the Weyl semimetal and it must be appropriately incorporated also in arguing
the transport phenomena.
1.3 Purpose and outline of this thesis
In this thesis, we study the quantum transport in the 3D Weyl electrons from the two
viewpoints presented above.
In the first part (Chapter 2), we study the conductivity of 3D linear band under zero
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Figure 1.8: The experimental data for the conductance of Cd3As2 as a function of the mag-
netic field. The the conductance was measured in various angle between the electric field
and the magnetic field. In E ∥ B geometry, we see the B2 dependence of the conductance
in the weak magnetic field (∼< 3[T]). [60]
magnetic field with various types of disorder potential. The previous works about the con-
ductivity of 3D Weyl electrons at the Weyl point considered only the short-range scatter-
ers, although the previous studies of 2D Weyl electrons strongly suggest that the transport
property near the Weyl point is sensitive to the type of scattering potential. In addition
to the works at the Weyl point, there are theoretical works considering another type of
impurity potential, the Coulomb scatterers, but it consider the energy region away from
the Weyl point. Therefore, the detailed behavior of the conductivity of 3D weyl electrons
near the Weyl point in various types of scattering potential including long-range potential
is not well known. The first purpose of this thesis is studying the electronic transport
in 3D Weyl electrons with various types of disorder potential. The electronic state is de-
scribed by the single-node Weyl Hamiltonian with the disorder potential. As the type of
impurity potential affects the qualitative behavior of the conductivity, we consider two
types of impurity potentials, a Gaussian potential and Coulomb potential. The Gaussian
model mimics various disorder potential from the short-range scatters such as lattice de-
fects to the long-range potential, by just changing the spacial range (smoothness) of the
potential. The Coulomb potential serves as a realistic model for the charged impurities.
Here we include the screening effect using the Thomas Fermi approximation. We clarify
the detailed dependence of the conductivity on the scattering types and spatial range. We
also clarify the dependence of the conductivity on the Fermi energy. We calculate the
dc conductivity of 3D Weyl electrons using a self-consistent Born approximation (SCBA).
The SCBA was used in the calculation of the conductivity of 2D Weyl [24, 30] and it is
applicable to both zero and finite Fermi energy. Importantly, we show that the existence
of the metal-insulator transition predicted in previous works depends on the types of the
scatters: it occurs in Gaussian potential, while not in screened Coulomb case. We success-
fully described the mechanism of the transition using analytic approximation and specified
18 CHAPTER 1. INTRODUCTION
the criteria for the critical behavior in general impurity potential. We also closely study
the Fermi energy dependence of the conductivity, and demonstrate that the conductivity
gradually approaches the Boltzmann theory, when the Fermi energy becomes greater than
the broadening energy.
In the second part (Chapter 3), we calculate the magneto-conductivity of the Weyl-
semimetal with and without a surface-boundary. All previous works neglect the surface-
boundary, so that the role of the topological surface states in the magnetotransport remains
unknown. The second purpose of this thesis is to clarify how the surface states affect the
magnetotransport. We consider the strong magnetic field regime where the 0th Landau
level is relevant to the transport. We derive the band structure of the Weyl semimetal with
the surface-boundary in the magnetic field and we clarify the role of the topological surface
states in the giant magneto conductance in E ∥ B geometry. We consider a simple lattice
tight-binding model having a pair of point nodes at two isolated k-points, around which the
electronic band structure is approximately described by the Weyl Hamiltonian. We assume
a surface boundary and apply a magnetic field B in parallel to the surface, then we find that
the surface band is seamlessly connected to the 0-th Landau level of the bulk spectrum,
and form a closed single Fermi surface. For this situation, we calculate the conductivity
under the electric field E parallel to B, using the Boltzmann transport theory. Here the
Fermi surface is not a point-like unlike the zero magnetic field and the Boltzmann transport
theory is expected to be valid as long as the energy broadening is small. We show that
the surface states play a crucial role in the magneto-conductance. Specifically, in the bulk
system, the conductivity exponentially increases with the increase of the potential-range,
reflecting the decrease of the inter-valley scattering probability. In the surface boundary
system, on the other hand, such the exponential increase of the conductivity is completely
suppressed due to the relaxation process mediated by the surface states. The magnetic-
field dependence becomes also quite different between the periodic-boundary (bulk) and
the surface boundary cases, where the bulk conductivity is independent of B while the
surface-boundary conductivity linearly increases in B.
Finally, we present summary and conclusion in Chapter 4. We discuss the transport
properties from the two viewpoints, the dc transport near the Weyl point and the magneto-
transport in E ∥ B geometry. We summarize our results in this thesis and give conclusions
for the above problems.
Chapter 2
Quantum transport in single-node
Weyl electrons
In this chapter, we calculate the bulk conductivity of 3D linear band. We consider a
three-dimensional, single-node Weyl electron system described by a Hamiltonian,
H = ℏvσ · k +
∑
j
U(r − rj), (2.1)
where σ = (σx, σy, σz) is the Pauli matrices, k is a wave vector, v is a constant velocity.
The second term is the long-range disorder potential, where rj is the positions of randomly
distributed scatterers. For the type of the disorder potential, we consider the Gaussian and
the Coulomb type scatterer, and we separately argue them in Sec. 2.1 and 2.2 in nearly
parallel manner.
2.1 Gaussian scatters
We introduce two types of long-ranged impurity potential. At first, we assume a long-













where d0 is the characteristic length scale, and scatterers of ±u0 are randomly distributed
with equal probability. This is Fourier transformed as U(r) =
∫
dqu(q)eiq·r/(2π)3 where







and q0 = 2/d0. We introduce an energy scale associated with the potential length scale,
ε0 = ℏvq0. (2.4)









where ni is the number of scatterers per unit volume.
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2.1.1 Boltzmann transport theory










(fs′k′ − fsk)Ws′k′,sk, (2.6)





ni|⟨s′k′|U |sk⟩|2δ(εs′k′ − εsk). (2.7)
The conductivity is obtained by solving Eq. (2.6). As usual manner, the transport relax-







(1 − cos θkk′)Wsk′,sk, (2.8)
where θkk′ is the angle between k and k
′. For the isotropic scatterers, i.e., u(q) depending
only on q = |q|, it is straightforward to show that τtr(εsk) solely depends on the energy ε
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. (2.13)














which is independent of q0. [2, 36] Fig. 2.1 shows the Boltzmann conductivity Eq. (2.12)
as a function of the Fermi energy.
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Figure 2.1: Boltzmann conductivity [Eq. (2.12)] plotted as a function of the Fermi energy.
2.1.2 Self-consistent Born approximation (SCBA)
We introduce the self-consistent Born approximation (SCBA) for 3D Weyl electron in a
similar manner to the 2D version in Ref. [30]. The following formulation does not depend
on the specific form of the single impurity potential U(r), as long as it is isotropic. We








ε− ℏvσ · k − Σ̂(k, ε)
, (2.15)
where ⟨· · · ⟩ represents the average over the configuration of the impurity position. Σ̂(k, ε)





ni|u(k − k′)|2Ĝ(k′, ε). (2.16)
Eqs. (2.15) and (2.16) are a set of equations to be solved self-consistently. From the
symmetry of the present system, the self-energy matrix can be expressed as
Σ̂(k, ε) = Σ1(k, ε) + Σ2(k, ε)(σ · n), (2.17)
where k = |k| and n = k/k. By defining X(k, ε) and Y (k, ε) as
X(k, ε) = ε− Σ1(k, ε), (2.18)
Y (k, ε) = ℏvk + Σ2(k, ε), (2.19)
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Eqs. (2.15) and (2.16) are written as
Ĝ(k, ε) =
1








X ′ + Y ′(σ · n′)
X ′2 − Y ′2
, (2.21)
where X ′ = X(k′, ε), Y ′ = Y (k′, ε), and n′ = k′/k′.
Now, we divide n′ as
n′ = n′∥ + n
′
⊥, (2.22)
where n′∥ = (n ·n′)n is the component of parallel to n, and n′⊥ is the perpendicular part.
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where




d(cos θkk′)|u(k − k′)|2 cosn θkk′ . (2.25)
Eq. (2.24) immediately leads to the self-consistent equation,










X ′2 − Y ′2
, (2.26)










X ′2 − Y ′2
, (2.27)
which are to be solved numerically. From the obtained Green’s function, the density of
states per unit area is calculated as






Tr[Ĝ(k, ε+ i0)]. (2.28)
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× Ĵx(k′, ε+ is0, ε+ is′0)Ĝ(k′, ε+ is′0)
]
, (2.29)






ni|u(k − k′)|2Ĝ(k′, ε)
× Ĵx(k′, ε, ε′)Ĝ(k′, ε′). (2.30)





|u(k − k′)|2F (k′)(σ · n′)σx(σ · n′), (2.31)













V 22 (k, k
′)
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In a similar way as for the self-energy, we obtain∫
dk′
(2π)3
|u(k − k′)|2F (k′)(σ · n′)σx








|u(k − k′)|2F (k′)σx(σ · n′)




F (k′)V 21 (k, k
′). (2.33)
Using these, the vertex part Ĵ is written as
Ĵx(k, ε, ε
′) =σxJ0(k, ε, ε
′) + (σ · n)σx(σ · n)J1(k, ε, ε′)
+ (σ · n)σxJ2(k, ε, ε′) + σx(σ · n)J3(k, ε, ε′), (2.34)
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(X2 − Y 2)(X ′2 − Y ′2)
×

V 20 −(V 20 − V 22 )/2 0 0
0 −(V 20 − 3V 22 )/2 0 0
0 0 V 21 0




XX ′ Y Y ′ Y X ′ XY ′
Y Y ′ XX ′ XY ′ Y X ′
Y X ′ XY ′ XX ′ Y Y ′








where X = X(k′, ε), X ′ = X(k′, ε′), J0 = J0(k, ε, ε
′), J ′0 = J0(k
′, ε, ε′), etc. Finally, the











|X2 − Y 2|2
×
{
(3|X|2 − |Y |2)J+−0 + (3|Y |2 − |X|2)J+−1
+ (3Y X∗ −XY ∗)J+−2 + (3XY ∗ − Y X∗)J+−3
}
− 1
(X2 − Y 2)2
×
{
(3X2 − Y 2)J++0 + (3Y 2 −X2)J++1





where X = X(k, ε+ i0), Jss
′
0 = J0(k, ε+ is0, ε+ is
′0), etc.
2.1.3 Approximate analytical solution of SCBA
In this section, we derive an approximate analytical solution of the SCBA equation in the
previous section. Near ε = 0, we can derive an approximate analytical solution of the SCBA
equation in the previous section, as long as the level broadening Γ(ε) is much smaller than
ε0. There we replace u(q) with the constant u0 (i.e., short-ranged impurity), but, instead,
introduce a cutoff kc ∼ q0 in the k-space integral to simulate the exponential decay of u(q)
in a large q. The approximation is rather crude, while it effectively explains the qualitative
behavior peculiar to the 3D Weyl electron as shown in the following section.
2.1. GAUSSIAN SCATTERS 25
In this simplified system (short-range impurities with cutoff), the self-energy equation
Eq. (2.16) is approximately solved in ε≪ εc and Γ ≪ εc as








































At ε = 0, in particular, Γ(ε) becomes
Γ(0) =
{
0 (W < Wc)
ΓW (W > Wc)
, (2.41)
i.e., the self-energy, and thus the density of states, become zero in the weak disorder regime
W < Wc, and abruptly rise in the strong disorder regime W > Wc. The vanishing Γ(0) at
a finite W is peculiar to three dimensions, and it is intuitively understood as follows. By
































2ℏ2v2) is smaller than 1, Eq. (2.43) has no solution, and we are left only
with a trivial solution Γ = 0 in Eq. (2.42). This critical condition exactly corresponds to
W < Wc. In contrast, the self-consistent equation in 2D always has a non-zero solution
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for any scattering strength, [24] because in Eq. (2.43), k2dk is replaced with kdk, and then
the right-hand side logarithmically diverges in Γ → 0, giving no upper bound.

































When Γ(0) is non-zero, the conductivity at ε = 0 can be simply obtained by replacing






















(W > Wc). (2.48)
In the weak disorder regime W < Wc, Eq. (2.47) is no longer valid since Γ(0) = 0, and




















(W < Wc). (2.50)
From Eqs. (2.48) and (2.50), we see that the Weyl-point conductivity σ(0) vanishes at
W = Wc, and it increases as W goes away from Wc in either direction.









(W ≈ Wc), (2.51)
of which gradient diverges at W = Wc.


























Density of States (ε = 0)



















Figure 2.2: (Solid) Density of states at zero energy calculated by the SCBA. (Dotted-
dashed) Approximate expression Eq. (2.40) with Eq. (2.38), where εc/ε0 is taken as 0.87.
Inset shows the density of states near Wc ≈ 1.806 in a smaller scale.
2.1.4 Numerical solution of SCBA
We solve the SCBA equations Eq. (2.26), (2.27),and (2.35) by numerical iteration and
calculate the density of states and the conductivity. Fig. 2.2 shows the density of states at
ε = 0 as a function of W . The behavior is qualitatively similar to the approximate analysis
in the previous section. There is a critical disorder strength Wc ≈ 1.806, and the density
of states rapidly increases once W enters the strong disorder regime W > Wc. The dotted-
dashed line in Fig. 2.2 shows the approximate SCBA solution of Eq. (2.40) at ε = 0, where
εc/ε0 is taken as ≈ 0.87 to fit Wc to the numerically obtained value. It nicely reproduces the
increase in W > Wc, though the approximation fails in larger W because the assumption
Γ ≪ εc in deriving Eq. (2.38) becomes no longer valid as Γ increases. Actually, the density
of states in the weak disorder regime W < Wc does not completely vanish in the numerics
unlike the analytic approximation, but an exponentially small value remains as shown in
the inset in Fig. 2.2. The rapid increase in W < Wc is roughly expressed by ∝ 1/(Wc−W ).
As we will argue later, this small residue leads to a significant difference in the zero-energy
conductivity between the numerical calculation and the analytic approximation.
Figs. 2.3 (a) and (b) show the density of states and the conductivity as a function of
the Fermi energy, respectively, which are numerically calculated by the SCBA. Figs. 2.3
(c) and (d) are the detailed plots around zero energy for Figs. 2.3 (a) and (b), respectively.
We see that the density of states is enhanced in all the energy region with the increase
of the scattering strength W . In the weak disorder regime W < Wc, it approximates a
quadratic curve in the vicinity of ε = 0, and it nearly sticks to zero at the origin. At the
critical point Wc, the curve exhibits a wedge-like shape, and in the strong disorder regime
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Figure 2.3: Density of states (a,c) and the conductivity (b,d) calculated by the SCBA, as
a function of the Fermi energy. The panels (c) and (d) show the detailed plots near ε = 0
of (a) and (b), respectively. The dotted-dashed line in Fig. 2.3(c) and (d) represent the
approximate SCBA solution, Eq. (2.40) and Eq. (2.46), respectively.























































(b) Conductivity (narrow region)
Figure 2.4: SCBA conductivity and the Boltzmann conductivity [Eq. (2.12)] at several W ’s
plotted for (a) wide and (b) narrow energy regions.





























































(weak disorder)(strong disorder) 
(weak disorder)(strong disorder) 
1/Wc
SCBA (approx)
Figure 2.5: (a) SCBA conductivity (solid) and the Boltzmann conductivity (dashed) as a
function of 1/W , for some fixed Fermi energies. (b) A similar plot for small Fermi energies,
ε = 0 and 0.001ε0. Dotted-dashed line represents the approximate SCBA solution, Eqs.
(2.48) and (2.50) at ε = 0.
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W > Wc, the bottom of the curve departs from zero as already argued. The dotted-dashed
line in Fig. 2.3(c) represents the approximate SCBA solution near zero energy, Eq. (2.40).
It reproduces the qualitative behavior of the numerical curve. At W = 1.8, slightly
away from the critical point Wc ≈ 1.806, the density of states is approximated by a linear
function in accordance with Eq. (2.51).
The conductivity exhibits significantly different behaviors between the weak and strong
disorder regimes. In Fig. 2.4, we compare the SCBA conductivity and the Boltzmann
conductivity Eq. (2.12) at several W ’s in (a) wide and (b) narrow energy regions. We
see that the SCBA agrees well with the Boltzmann conductivity in small W , while the
discrepancy becomes significant as W increases. The Boltzmann theory works well when
the condition that the self-energy is much smaller than the Fermi energy, so that the theory
naturally stands in the weak disorder regime. In the strong disorder regime W > Wc, the
Boltzmann approximation fails and the SCBA conductivity is enhanced in increasing W
as observed in Figs. 2.3 (b) and (d), contrary to the usual metallic behavior. When W is
too strong the SCBA is no longer valid and the correction from the quantum interference
effect would be important.
In the weak disorder regime W < Wc, we notice that the conductivity σ(ε) exhibits
a sharp dip at the zero energy, as shown in Fig. 2.3(d) in a greater scale. The dotted-
dashed line in Fig. 2.3(d) indicates the approximate SCBA solution near zero energy, Eq.
(2.46), with εc/ε0 = 0.87 (the same value used in the DOS plot). We see that the analytic
approximation fails to describe the zero-energy dip observed in the numerics, while, in the
flat region outside the dip, the approximation qualitatively reproduces the W -dependence
of the numerical conductivity.
The conductivity dip actually originates from an exponentially small self-energy re-
maining at ε = 0, which is missing in the analytic approximation. Indeed, the entire curve
including the dip is qualitatively reproduced by Eq. (2.46), when Γ(ε) of Eq. (2.49) is
modified by
Γ(ε) ≈ Γnum +
α2ε2
|ΓW |
(W < Wc), (2.52)
where Γnum is the small residue of the selfenergy at ε = 0 in the numerical calculation. The
conductivity σ(0) is then given by Eq. (2.47), and thus is exponentially small. In increas-
ing the Fermi energy ε, Γnum becomes less important in Eq. (2.52), and the conductivity
gradually approaches the original analytic expression Eq. (2.50). The energy width of the
dip is roughly estimated by the condition α2ε2/|ΓW | ∼ Γnum.
In Fig. 2.5(a), the SCBA conductivity (solid) and the Boltzmann conductivity (dashed)
at fixed Fermi energies are plotted as a function of 1/W (not W ). In the weak disorder
regime (W < Wc), the SCBA conductivity is proportional to 1/W , and it coincides nicely
with the Boltzmann conductivity Eq. (2.62) except for a constant shift. In increasing
the disorder (i.e., decreasing 1/W ), on the other hand, the SCBA conductivity reaches a
minimum at a certain point, and it turns to increase nearly in proportional to W . The
scattering strength for the turning point is of the order of Wc, and moves toward larger W
(i.e., smaller 1/W ) for larger Fermi energy.
Fig. 2.5(b) presents a similar plot at zero energy, where the approximate SCBA solution,
Eqs. (2.48) and (2.50), is plotted as a dotted-dashed line. We also show the numerical SCBA
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conductivity at ε = 0.001ε0, slightly away from the Weyl point. In the weak disorder
regime (W < Wc), the SCBA conductivity is very sensitive to ε as expected from the
sharp dip structure in Fig. 2.3(d). The energies ε = 0 and ε = 0.001ε0 correspond to the
bottom of the dip and the flat region outside the dip, respectively. The conductivity in
W < Wc is exponentially small at ε = 0 as already argued, while at ε = 0.001ε0 it linearly
rises approximately in accordance with the analytical expression Eq. (2.50). In the strong
disorder regime (W > Wc), the SCBA conductivity is almost identical between the two
different energies, and goes up nearly in accordance with Eq. (2.48).
In 3D Weyl electron, the Weyl-point conductivity is highly W -dependent since Eq.
(2.47) is proportional to Γ(0), and it abruptly rises when W exceeds Wc just in the same
way as the density of states. This is in a sharp contrast to the 2D case, where the Weyl-point
conductivity becomes nearly universal value of the order of e2/h. [23, 24, 25, 27, 26, 30, 22]
The 3D Weyl system does not have such a universal conductivity, because the conductivity
in 3D has a dimension of e2/h times the inverse of the length scale, and this is given by
Γ(0)/(ℏv) in the present system.
2.2 Coulomb potential
Next, we assume a long-ranged screened Coulomb potential for each single scatterers,
U(r) = ± e
2
κr
exp (−qsr) , (2.53)
where κ is the static dielectric constant, and scatterers of ± are randomly distributed with





at zero temperature. U is Fourier transformed as U(r) =
∫
dqu(q)eiq·r/(2π)3 where
u(q) = ± 4πe
2
κ(q2 + q2s )
. (2.55)





which characterizes the scattering strength. For the 3D Weyl electron in Cd3As2, for
example, α is estimated at about 0.06 from v ≈ 1.0× 106ms−1 and κ ≈ 36. [16, 15, 61, 62]




ε0 = ℏvq0, (2.58)
where ni is the number of scatterers per unit volume.
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2.2.1 Boltzmann transport theory







































Since the electron concentration n is proportional to ε3F in the 3D linear band, the Boltz-
mann conductivity σB is proportional to n
4/3. Figure 2.6 shows the conductivity Eq. (2.62)
versus the Fermi energy εF for several values of α.
The Boltzmann conductivity in 3D Weyl electron was previously calculated under the
conditon that the electron density is equal to the Coulomb impurity density, i.e., all carriers
are supplied from the ionic impurities. [2] The result is reproduced by Eq. (2.62) with ε is
replaced with ℏv(6π2ni)1/3.
We see that the boltzmann conductivity away from the Weyl point is proportional to
ε4 in both potentials, while the boltzmann conductivity has a finite minimum conductivity
in the Gaussian potential case but it vanishes at the Weyl point in the Coulomb potential
case. This is because the Coulomb potential is not screened at the Weyl point.
2.2.2 Approximate analytical solution of SCBA
The formulation of SCBA in Sec. 2.1.2 also applies to the Coulomb potential case. Here
we solve the SCBA equation approximately to get analytical expressions for the density
of states and the conductivity at the Weyl point (ε = 0). In the following, we solve the
self-consistent Eqs. (2.26) and (2.27) at ε = 0 using a certain approximation to simplify
the problem. We first assume Y (k, 0) is written as
Y (k, 0) = ℏvk, (2.63)
i.e., we neglect the Σ2 term in Eq. (2.19). We can show that Σ2 is also linear to k in the
real solution, and thus it gives Fermi velocity renormalization, while it does not change
the qualitative behavior of the density of states and the conductivity. Then the equation




































Figure 2.6: Boltzmann conductivity [Eq. (2.62)] plotted as a function of the Fermi energy.
where







(k2 + k′2 + q2s )
2 − 4k2k′2
. (2.65)
First we consider the solution X(k) in k ≫ qs. V 20 (k, k′) can be approximately written
by a delta function as
k′
2








δ(k − k′), (2.66)
and Eq. (2.64) then becomes
















Γ20 − (ℏvk)2 (k < Γ0/(ℏv)),








Therefore, X(k) attenuates with the increase of k and vanishes at k = Γ0/(ℏv).
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For k = 0, we need a special treatment since the approximation Eq. (2.66) is not valid


















On the condition that Γ0 ≫ ℏvqs, the term (k′2 + q2s )−2 is a rapidly changing function
compared to X(k′), and it vanishes except in the vicinity of k′ = 0. Then X(k′) can be
replaced by X(0) in the integral, and we obtain a solution,
X(0) = iΓ, (2.71)
with
Γ = Γ0 − ℏvqs. (2.72)
When compared to Eq. (2.68), we notice that X(0) has an additional correction term
−iℏvqs, which is actually important in considering the limit of α → 0. All the approxi-
mation above is based on the assumption Γ0 ≫ ℏvqs, and this is actually satisfied in the
situation considered in the later sections.
Based on the above arguments, we introduce a crude approximation by even simplifying
X(k) to a step function as
X(k) =
{
iΓ (k < Γ/(ℏv))
0 (k > Γ/(ℏv))
, (2.73)
with Γ defined in Eq. (2.72). Substituting Eq. (2.63) and (2.73) for Eq. (2.28), we find the
density of states

























In α ≪ 1, Γ is nearly proportional to
√
α and the density of states is proportional to
Γ2, thus to α.
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The Bethe-Salpeter equation Eq. (2.35) can be approximately solved at ε = 0 in a












where s = ±. Then the equation is reduced to


















In a similar manner to X(k), we find a solution,
J+s0 (k) =
{
J+s (k < Γ/(ℏv))

















, J++ ≈ 1
2
, (2.82)
i.e., J+− diverges in α → 0 while J++ remains constant. In small α, therefore, we can
neglect J++0 in Eq. (2.36) leaving only J
+−
0 , and then the conductivity is calculated as

















Using Eq. (2.82), the conductivity in the limit of α→ 0 becomes












Here the magnitude of the conductivity is determined solely by the impurity density ni = q
3
0,
and it scales in proportion to n
1/3
i .





























Figure 2.7: Density of states calculated by the SCBA, as a function of the Fermi energy at
several values of α.
The conductivity formula Eq. (2.83) is almost equivalent to the analytical expression
for the Gaussian impurities [40], but the actual behavior of the conductivity is significantly
different. In the Gaussian case, the vertex part J+− is constant and the level broadening Γ
vanishes below the critical disorder strength. As a result, the conductivity vanishes in the
weak disorder regime. In the Coulomb impurity case, on the other hand, J+− diverges as
1/
√
α in the limit of α → 0, while the level broadening vanishes as
√
α. Therefore, J+−Γ
approaches constant, giving a finite minimum conductivity in the limit of α→ 0.
A finite conductivity at absolutely no scattering (α = 0) looks counterintuitive, but
here we should note that the result is based on the implicit assumption that the transport
is diffusive, i.e. the system size is much greater than the mean free path. If we take a limit
α → 0 in a fixed-sized system, the mean free path exceeds the system size at some point
and then the diffusive transport switches to the ballistic transport, to which the present
conductivity formula does not apply.
2.2.3 Numerical solution of SCBA
Figure 2.7 shows the density of states as a function of the Fermi energy at several values
of α. The density of states is enhanced in all energy region linearly to α, and this is
consistent with the behavior in the analytical expression at ε = 0 in the previous section
[Eqs. (2.74) and (2.77)]. Fig. 2.9(a) shows the level broadening Γ = Im[X(k = 0, ε = 0)]
as a function of α, where the solid line shows the numerical result and the dashed line
shows the approximate solution Eq. (2.77). Fig. 2.9(b) is a similar plot for the density of
states D(ε = 0) as a function of α, where the solid line represent the numerical result and




























































Figure 2.8: Conductivity as a function of the Fermi energy in different plot ranges. In each
panel, the solid lines represent the SCBA and the dashed lines represent the Boltzmann
theory. The inset in (b) shows the detailed plot for the SCBA conductivity around the
Weyl point.













(c) Conductivity (ε=0) 













































Figure 2.9: Density of states and the conductivity as a function of α. The solid line
represent the numerical result and the dashed line represent the approximate analytical
expression (see text).
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the dashed line represent the approximate analytical expression Eq. (2.74). We see that
in the both plots the analytical expression well reproduces the qualitative behavior of the
numerical result, i.e., Γ ∝
√
α and D(0) ∝ α.
Figs. 2.8(a) and (b) shows the conductivity as a function of the Fermi energy for several
values of α. In Fig. 2.8(a), we see that the SCBA result mostly agrees with the Boltzmann
theory away from ε = 0, where the conductivity is proportional to ε4 and increases with
the decrease of α as expected from Eq. (2.62). Fig. 2.8(b) shows the detailed plot around
the Weyl point. Now we see a considerable disagreement between the two results, where
the Boltzmann conductivity vanishes at the Weyl point, although the SCBA conductivity
has a finite value. The Boltzmann theory is valid when the Fermi energy is much greater
than the level broadening Γ, so that the energy region where the Boltzmann theory fails
becomes wider with the increase of α. We actually see this behavior in Figs. 2.8(a).
Fig. 2.9(c) shows the zero-energy conductivity σ(0) as a function of α, where the solid
line indicates the numerical result and the dashed line the analytical expression Eq. (2.84).
The numerical curve is nearly constant depending on α only weakly. In the limit of α→ 0,
it actually approaches a finite value, and the magnitude agrees qualitatively well with the
analytic estimation of Eq. (2.84).
2.3 Discussion
2.3.1 Validity of SCBA at the Weyl point
Since the SCBA only partially takes the self-enegy diagrams in the perturbational expan-
sion, it is generally suppose to be valid when the scattering strength is relatively weak. Fig.
2.10 (a) expresses SCBA self-energy ΣSCBA, and (b) shows the leading correction term Σcorr
which was neglected in the SCBA. The SCBA is qualitatively correct when Σcorr is much
smaller than ΣSCBA. In the conventional disordered metal, we have Σcorr/ΣSCBA = O(1/kFl)
with the Fermi wave vector kF and the mean free path l.
It is nontrivial if the SCBA is valid at the Weyl point where kF becomes zero.[63, 64]
In the presence of the disorder potential, kF does not actually vanish but it is effectively
replaced with ∼ Γ/(ℏv) due to the finite level broadening Γ. Meanwhile the mean free
path l is given by vτ where v is the constant band velocity and τ = ℏ/Γ is the scattering
time. Then we end up with kF l = O(1), which means the correction term is not actually
negligible.
In a recent theoretical study [64], the conductivity in the single-node 3D Weyl electron
is numerically calculated in the presence of the Gaussian impurities using the Landuer
formulation. The behaviors of the Weyl-point self-energy and conductivity are found to
be consistent with the corresponding SCBA calculation [40], while there is a quantitative
discrepancy by a factor. Ref.[64] also estimated the leading correction term Σcorr in the
numerical calculation and it was found to be smaller than ΣSCBA but not negligibly small.
This is actually responsible for the quantitative descrepancy in the SCBA.
In the following, we consider the extended SCBA approximation including the leading
correction term Σcorr for the screened Coulomb impurity case, and show that the additonal
term does not change the qualitative behevior of the total self-energy. The extended self-
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ΣSCBA = Σcorr =
(a) (b)
Figure 2.10: The diagrammatic representations of (a) the self-energy for the SCBA and
(b) the leading correction term for the SCBA.













n2i |u(k − k′)|2|u(k′ − k′′)|2
× Ĝ(k′, ε)Ĝ(k′′, ε)Ĝ(k − k′ + k′′, ε). (2.85)
We consider the Weyl point ε = 0 and assume Σ̂ = −iΓ and qs ≪ Γ/(ℏv) as done in Sec.
2.2.2. As the u(k) term is relevant only when k <∼ qs, we can replace the Green’s function
Ĝ(k) with 1/(iΓ) under the present assumption k <∼ qs ≪ Γ/(ℏv). Then k-integral simply

































≈ 0.618 · · · , (2.88)
i.e., Σcorr is smaller than ΣSCBA while not negligibly small. In fact, Eq. (2.88) is close to
the value numerical estimated for the Gaussian impurity case in Ref. [64].
In the usual SCBA approach without Σcorr in the previous section, we only take the first
term in the bracket of Eq. (2.86) and obtain Γ = Γ0. Comparing to Eq. (2.87), we see that
the correction term attaches a numerical factor in front of the SCBA self-energy. Therefore,
we expect that adding the correction terms does not change the qualitative behavior of the
total self-energy.
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2.3.2 Critical behavior in a general impurity potential under the
screening effect
We can show that the critical behavior observed in the Gaussian potential is never observed
in the bare (i.e., unscreened) Coulomb potential, and the absence of the critical point is
attributed to the divergence of u(q) in the limit of q → 0.[40]
Unlike the bare Coulomb potential, the screened Coulomb potential studied in this
paper does not diverge in q → 0 due to the finite screening length, and then we naively
expect the critical behavior takes place in a similar way to Gaussian impurities. Contrary
to such an expectation, the detailed calculation in the above section showed no critical
behaviors in the screened Coulomb impurity. To resolve this apparent discrepancy, we argue
in the following about the criteria for the critical behavior in general impurity potential
with the screening effect.
We consider the isotropic impurity potential U(r) (and its Fourier tranform u(k)), and
assume an approximate solution for the self-consistent equation,
X(k, 0) = iΓ, (2.89)
Y (k, 0) = ℏvk. (2.90)
























When the right-hand side of Eq. (2.92) is viewed as a function of Γ, it takes the maximum







When I is smaller than 1, Eq. (2.92) cannot be satisfied by any Γ, and then Γ = 0 is the
only solution of Eq. (2.91). In the case of the Gaussian potential u(k) = u0 exp(−k2/k20),
for example, the integral I becomes a finite value proportional to niu
2
0, and Γ (and thus
the density of states) vanishes when niu
2
0 is lower than a certain critical value. [40]















If we treat qs as a constant, Eq. (2.95) is satisfied when α is sufficiently small. However, α
and qs are not actually independent in the self-consistent calculation, as we argued in Sec.








which cannot be true. In a screened Coulomb scatterers, therefore, we always have a
nonzero solution for Γ and there is no critical disorder scattering strength.
On the other hand, we can show that the critical disorder strength does exist in Gaussian
scatterers even when including the screening effect, which was neglected in the previous
Section. The screened Gaussian potential is written as
u(k) =
u0 exp(−k2/k20)


















The inverse screening length qs is to be self-consistently determined by Eq. (2.54). Unlike
the Coulomb impurity [Eq. (2.94)], the intergral I never diverges in any value of qs and
it has an upper bound Imax at qs = 0. In a sufficiently small niu
2
0 such that Imax < 1,
therefore, we have only a trivial solution Γ = 0 regardless of qs, while this is a sufficient
but not necessary condition.
Following the above discussion, we see that whether a critical disorder strength exists
depends on the specific form of the impurity potential, even when the screening effect is
included. We can examine the existence of the critical disorder strength for any type of
impurity scatterers in a similar way, by estimating the maximum value of the intergral I
in Eq. (2.93) as a function of qs.

Chapter 3
Magnetotransport in the Weyl
semimetal
In this chapter, we study the magnetotransport property of a Weyl semimetal having the
surface boundary, to investigate the effect of the topological surface states on the giant
positive magnetoconductivity. Here we consider the tight-binding lattice model having a
pair of point nodes around which the band structure is approximately described by the
Weyl Hamiltonian. We consider a surface boundary where the surface state bands connect
the two Weyl cones as shown in Fig. 1.4. When a magnetic field B is applied in parallel to
the surface, we find that the surface band is seamlessly connected to the 0-th Landau level
of the bulk spectrum, and form a closed Fermi surface. For this situation, we calculate the
conductivity of the system under the electric field E parallel to B, using the Boltzmann
transport theory. We find that the conductivity behavior becomes completely different from




We consider a tight-binding model on a cubic lattice. The nearest-neighbor hopping term
is schematically represented in Fig. 3.1. Each lattice site on a coordinate (x, y, z) is repre-





ψ (x, y, z)|nx, ny, nz⟩, (3.1)
where |nx, ny, nz⟩ is a localized state on a site (nx, ny, nz), and
−→
ψ (x, y, z) is a two component
vector. The Hamiltonian is written as
H = 2t (σx sin kxa+ σy sin kya+ σz cos kza) + 2mσz(2 − cos kxa− cos kya), (3.2)
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where σi (i = x, y, z) are the Pauli matrices, and a is a lattice constant. We set m = t in
the following calculation. In the real space, the Schrödinger equation becomes
(ε/t)
−→
ψ (x, y, z) =(−iσx − σz)
−→
ψ (x+ a, y, z) + (iσx − σz)
−→
ψ (x− a, y, z)
+(iσy − σz)
−→
ψ (x, y + a, z) + (−iσy − σz)
−→
ψ (x, y − a, z)
+σz
[−→
ψ (x, y, z + a) +
−→
ψ (x, y, z − a) + 4
−→
ψ (x, y, z)
]
. (3.3)
We consider electronic states in the presence of a magnetic field parallel to z axis. We take
Landau gauge and set the vector potential as
A = (−By, 0, 0). (3.4)





ψ nk(x, y, z)|nx, ny, nz⟩,
−→


















ϕ nk(y + a) + (−iσy − σz)
−→





and this is written as
(ε/t)
−→
ϕ nk(y) =2 sin(kxa+ 2πϕy/a)σx
−→
ϕ nk(y)





ϕ nk(y + a) + (−iσy − σz)
−→
ϕ nk(y − a), (3.7)
where ϕ = Ba2/(h/e). Solving Eq. (3.7), we obtain the band structure.
Fig. 3.2 (a) presents the bulk band structure in the zero magnetic field. The two
bands are touching at the Weyl points located at kz = ±k0 where k0 = ±π/(2a). Fig.
3.2(b) presents the spectrum under a finite magnetic field, where we see the Landau levels
dispersing only in kz direction (parallel to B).
Fig. 3.3 presents the band structure of the surface-bound system (Ny = 20) as a function
of (kx, kz). The panel (a) is for the zero magnetic field (ϕ = 0) and (b) is for the finite
magnetic field ϕ = 0.003. In (a), we see that the two Weyl cones are quantized into
subbands due to the finite dimension in y, and they are bridged by the surface band. In
the presence of the magnetic field [panel (b)], on the other hand, the lower surface band
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x : -iσ1 - mσ3
y : iσ2 - mσ3
z : σ3
on site : 4mσ3
Figure 3.1: Schematic representation of the lattice model.
shifts upward in the energy axis. The equi-energy contour of ε = 0 becomes a rectangular-
like shape. Significantly, the two sides along kz are composed of the surface states while
the other two sides along kx are from the 0-th Landau levels of the bulk. So the bulk states
and the surface states are seamlessly connected on a single Fermi surface.
Figure 3.4 is the zero-energy Fermi surfaces of different magnetic fields ϕ = 0.003, 0.006
and 0.009. We see that the rectangular Fermi surface expands in kx direction in increasing
magnetic field, because of the increase of the Landau level degeneracy. The surface state
part remains almost unchanged.
3.1.2 Boltzmann transport theory



























⟨|Vkk′|2⟩δ(εk − εk′), (3.9)
and fk is a Fermi distribution function.
We define gk as
fk = f
0
k + gk, (3.10)













(gk′ − gk)Wkk′ . (3.11)
























Figure 3.2: Energy band structures of the bulk system near ε = 0, in the absence of























Figure 3.3: Energy band structures of the surface-bound system for Ny = 30 near ε = 0.
(a) ϕ = 0.00. (b) ϕ = 0.01.
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Figure 3.4: Fermi surface for Ny = 100 and ϕ = 0.003, 0.006, 0.009.


















⟨|Vkk′|2⟩δ(εk − ε′k), (3.14)
where ⟨· · · ⟩ represents the average over the configuration of the impurity position, and
then the Boltzmann equation becomes




Solving this self-consistent equation, we obtain gk.
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so that the summation of the single impurity potential over all the lattice points becomes
u0/a




U(r − ri), (3.19)
where ri is the impurity position in the lattice. We define the volume density of the
scatterers as ni.
















































with the system volume V , and this becomes
jz = σzzEz, (3.24)







dkvkzτkhkδ(εF − εk). (3.25)
3.2 Conductivity of the infinite system
First, we calculate the conductivity in the absence of edge, i.e. the bulk conductivity. The
bulk energy band becomes completely independent in kx as shown in Fig. 3.2, and then
the Fermi surface becomes just two parallel lines at kz = ±k0 along kx direction. In this
case, we can analytically solve the Boltzmann transport equation and derive the analytical
expression of the bulk conductivity. Here we assume Ly ≫ ℓB ≫ d0, i.e., the slab is much
thicker than the magnetic length, while the magnetic length is greater than the potential
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where w characterizes the scattering strength and it is defined as w = (niu
2
0)/(ℏ2v2a). We
see that the bulk conductivity exponentially increases with the increase of the potential
range d0. This is because the two branches at kz = ±k0, traveling in the positive and
negative directions, respectively, cannot be relaxed when the scattering potential is too
smooth. This is exactly what was predicted by the early study [42, 43] and regarded an
important consequence of the chiral anomaly. We also notice that the conductivity does
not depend on the magnetic field B. Here the number of states (i.e., the Landau level
degeneracy) increases as ∝ B, but at the same time the relaxation time drops in inversely
proportional to the number of states, resulting in the B-independent conductivity.
3.3 Conductivity of the surface-boundary system
The above property of the magnetoconductivity greatly changes in the presence of the
surface. The deviation from the bulk is prominent particularly in the long-ranged scatterers,
where the two bulk branches (the Landau levels with positive and negative velocities in z-
direction) are not relaxed by the direct impurity scattering. In the presence of the surface,
the significant relaxation takes place between them through hopping via the surface states,
and that prevents the exponential increase of the conductivity.
We first present an analytic approximate solution of the Boltzmann equation [Eq. (3.25)]
for the slab geometry in the long range limit: We completely neglect the direct scattering
between the positive and negative bulk branches. We also assume that the distribution
function gk is non-zero only in the bulk states while it completely vanishes in the surface
states. This is equivalent to the assumption that the momentum relaxation is much faster
in the surface states than in the bulk states. This situation is actually achieved in the
condition that the potential-range d0 is much smaller than the magnetic length ℓB. We
also impose the same condition as the bulk case, Ly ≫ ℓB ≫ d0.
As a result, we obtain the scattering time τk and hk






















where ∓ is for the positive- and the negative velocity branches (kz = ±k0), respectively.
The distribution function gk is given by Eq. (3.12) and is proportional to τkhk.

















The biggest difference from the bulk case Eq. (3.26) is that the conductivity is just quartic
in d0 and does not exponentially increase in the long-range limit d0 ≫ a. Second, the
conductivity is now dependent on the magnetic field B(∝ 1/ℓ2B). In the low-field regime
ℓB ≫ d0, it increases linearly to B, while it becomes super-linear in higher fields.
The above analytical formula well describes the qualitative feature of the exact solution.
Now we numerically solve the Boltzmann equation [Eq. (3.25)], by discretizing the Fermi
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surface into 400 k-points and the numerical iteration. We do not need any particular
conditions here, and the obtained conductivity is valid (except for the numerical errors)
for short-range and long-range cases as well.
Fig. 3.5 shows the conductivity as a function of d0 at Ny = 100, with several different
magnetic field ϕ = 0.003, 0.006, 0.009. The inset shows the expanded plot in the small d0
(short-range) region. The dotted curve is the analytic bulk conductivity [Eq. 3.26] and
dashed lines are the analytic conductivity with the surface [Eq. 3.29]. We see that in the
short-range region, the numerical result fit well to the bulk conductivity. In increasing d0,
however, the numerical solution does not follow the exponential increase of the bulk, but
crosses over to the conductivity of the surface-bound system. We see that the analytic
surface solution underestimates the conductivity in the large d0 region, of which reason
will be argued later.
Fig. 3.6 shows the magnetic-field dependence of the conductivity for several potential
ranges d0 = 1.0, 2.0, 3.0. Again, we see a similar cross-over between the bulk (dotted) and
surface-bound (dashed) conductivities. In d0 = 1.0, the numerical conductivity linearly
rises in the low B-field regime like the surface-bound solution, while in the high-field it is
bound by the bulk constant solution. In d0 = 2.0, 3.0, the bulk conductivity is exponentially
large (out of the range) and the numerical solution follows the super linear curve of the
surface solution.
Fig. 3.7 shows the life time τk and the renormalized distribution function τkhk. In the
short-range case (d0 = 0), the excessive carriers are distributed only in the bulk Landau
level region, and it is almost flat within each of the positive and negative branches. This
reflects that the two bulk branches are well coupled by the direct scatterings, and the
situation is rather similar to the bulk. In increasing d0, the distribution of the bulk states
approaches the parabolic curve of the analytic surface solution [Eq. 3.28]. We also see that
the distribution in the surface states is not zero anymore. This is due to the finite relaxation
time in the surface states which was actually neglected in the analytic solution. The surface
distribution becomes relatively more important in increasing d0, and this accounts for the
deviation of the numerical and analytical conductivity in Fig. 3.5 in the large d0.
To conclude this chapter, we calculate the conductivity of the Weyl semimetal in E ∥
B geometry with and without the system boundary. In the long range potential, the
conductivity of the surface-bound system does not follow the exponential increase of the
bulk system. There the surface states plays a critical role in the back scattering of the
bulk carriers, otherwise the conductivity just diverges as previously assumed. We also find
that the conductivities with and without the surface exhibit totally different properties in
the magnetic field dependence, where the bulk conductivity is independent of B while the
surface-bound system exhibits the B-linear behavior in the relatively low-field regime and
super linear behavior in the higher field.
It should be noted that our calculation assumes the quantum limit where only the 0-th
Landau level dominates the electron conduction. In a very weak magnetic field where the
Landau level spacing is narrow, the other Landau levels start to contribute to the transport,
and then the magnetoconductivity is expected to obey B2 behavior in the semiclassical
calculation. [46, 47, 52] The quantum limit is achieved when the Landau level spacing√
2ℏeBv2 is much greater than the electronic energy broadening (inverse of the scattering
life time) and the thermal broadening kBT .
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Figure 3.5: Conducticity as a function of d0. We set Ny = 100, and ϕ = 0.003, 0.006, 0.009.




























Figure 3.6: Conductivity as a function of ϕ. We set Ny = 150. d0 = 1.0a, 2.0a, 3.0a. Inset
is the short-range case (d0 = 0).
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(b) d0 = 1.0a (c) d0 = 2.0a (d) d0 = 3.0a
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(a) d0 = 0.0
Figure 3.7: Relaxation time τk (upper panels) and the renormalized distribution function
τkhk (lower) for several values of d0. The dashed lines are analytically derived equations
Eq. (3.27) and Eq. (3.28). The horizontal axis corresponds to the Fermi surface. Shaded
region corresponding to the edge.
Chapter 4
Summary and Conclusion
In this thesis, we studied the quantum transport phenomena in the 3D Weyl electron
systems. The 3D Weyl electron systems have the band-touching points (called the Weyl
points) and the linear dispersion relation around the Weyl points. In the presence of the
surface, we observe the surface energy bands which bridge the pair of the two Weyl points.
There are many interesting transport phenomena which originate from the characteristic
energy band structure. First, we focused on the quantum transport in the single-node
3D Weyl electrons, and the characteristic features near the Weyl point was unveiled. The
detail is discussed in Chapter 2. Secondly, we discussed the magnetotransport in the
Weyl semimetal, and we found that the surface states give the crucial contribution to the
magnetotransport which is discussed in Chapter 3.
In Chapter 2, we studied the quantum transport in the single-node 3D Weyl electrons
in the presence of the long-range disorder potentials. At the Weyl point, the Fermi surface
becomes the point in the Brillouin zone and the density of states vanishes, so that we
have to deal with the finite level broadening effect properly. We calculated the density of
states and the conductivity within the self-consistent Born approximation (SCBA) which is
one of the theoretical methods to treat the finite level broadening effect, and we found the
characteristic features of the present system. The conductivity strongly depends on the type
of the impurity potential and the disorder strength. In the Gaussian potential case, there is
the critical disorder strength Wc, and the minimum conductivity (conductivity at the Weyl
point) changes the behavior at the critical point. In the weak disorder regime, the minimum
conductivity is zero, while in the strong disorder regime, the minimum conductivity has a
finite value and abruptly rises with the increase of the disorder strength. In the finite Fermi
energy, the conductivity is well approximated by the Boltzmann conductivity, but once the
level broadening exceeds the Fermi energy, the Boltzmann theory fails and the conductivity
increases with the increase of the disorder strength. In the Coulomb potential case, on the
other hand, there is no critical behavior, and the minimum conductivity is determined
solely by the impurity density ni, and it scales in proportion to n
1/3
i . The existence of
the critical behavior is attributed to whether the system has a nonzero solution in the
self-consistent equation for the self-energy, and we derived the analytical criteria for the
existence of the critical behavior for general impurity potentials.
In Chapter 3, we studied the magnetotransport in E ∥ B geometry. In general, one
expect the physical properties of the system are dominated by the bulk contribution, and
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the surface gives a minor correction. The existence of the surface states in the Weyl
semimetal, however, drastically changes the behavior of the magnetoconductivity. We
considered the Weyl semimetal which has two Weyl nodes. In the presence of the magnetic
field, we have the Landau levels and there is the chiral 0th Landau level which has positive
or negative velocity in each valley. In the presence of the surface, there are the surface
bands which connect the two valleys, and the bulk states in each valley are seamlessly
connected via the surface states. Using the Boltzmann transport theory, we calculated the
magnetoconductivity in the presence of the long-range Gaussian scatterers. The magnetic
and electric field are directed toward the same direction (E ∥ B geometry). In the bulk
system, the conductivity is exponentially large because of the exponentially small inter-
valley scattering probability, and the conductivity diverges exponentially with the increase
of the potential range. In the surface-boundary system, on the other hand, the conductivity
exhibits significantly different behavior. The conductivity increases with the potential
range, but it is not a exponential function but a quartic function of the potential range.
This originates from the scattering process through the surface states which connect the
bulk Landau level in each valley. In the bulk system, the conductivity is independent of
the magnetic field B because of the cancellation of the dependence on B of the density of
states (∝ B) and the relaxation time (∝ B−1), while in the surface-boundary system, the
conductivity depends on B in the super linear manner. This B dependence also originates
from the scattering process through the surface states.
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